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Extending previous results, we give a new description of the
density set, that is the set of all pairs of densities – upper
and lower – of all subsets of a given set of positive integers.
The extension consists in using the concept of weighted density
with the weight function satisfying two standard conditions. In
order to prove that the density set is convex, we establish and
use the joint Darboux property of the weighted density. Finally
we prove that the density set is closed through an explicit
characterization of its upper boundary.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Throughout the paper we will use the following notation
N= {1,2,3, . . .}, N0 = {0,1,2,3, . . .} and N0 =N0 ∪ {∞}.
Solutions of many problems in number theory need some information on size of particular sets of
positive integers. Asymptotic and logarithmic densities provide one of the most important ways how
to do it. Both these kind of densities can be generalized by concept of weighted densities introduced
in [1] (see also [6]) and deﬁned as follows. Let f : N→ [0,∞) be a weight function with f (1) > 0.
For a set A ⊂N and a number n ∈N let us denote
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∑
a∈A, an
f (a)
and deﬁne
d f (A) = lim inf
n→∞
A f (n)
N f (n)
and d f (A) = limsup
n→∞
A f (n)
N f (n)
,
the lower and the upper f -density of the set A, respectively. If a common value d f (A) = d f (A) =
d f (A) exists, we simply speak about f -density. The above mentioned asymptotic and logarithmic
densities are obtained by special choices of weight functions f0(n) = 1 and f1(n) = 1n for all n ∈ N,
respectively. In the sequel we will suppose that the weight function f fulﬁls the following conditions
∞∑
n=1
f (n) = ∞ (D)
and
lim
n→∞
f (n)
N f (n)
= 0. (L)
Although densities provide important information on size, in general they say nothing about distri-
bution of elements of the set. For example consider the set X =⋃∞n=1(22n,22n+1] ∩ N. It consists of
big blocks and gaps and it is easy to see that the lower and upper asymptotic densities of X are 13
and 23 , respectively. On the other hand, there exist sets with the same asymptotic densities as X , but
containing no big block and gaps. To go inside the distribution structure of sets of positive integers
one needs some other, more sensitive means.
One of them is the so-called f -density set of the set A ⊂ N deﬁned as S f (A) = {(d f (X),d f (X));
X ⊂ A}. In [2,3] some general properties of S f (A) are established for functions f fulﬁlling (D) and
lim
n→∞
∑n−1
k=1 | f (k + 1) − f (k)|
N f (n)
= 0. (S)
In this case it is proved that S f (A) is a closed convex subset of the trapezium PQRS and it con-
tains the triangle with vertices PQR, where P = (0,0), Q = (d f (A),0), R = (d f (A),d f (A)), S =
(d f (A),d f (A)). Thus, to ﬁnd a complete description of S f (A), it is suﬃcient to determine the function
bA : [0,d f (A)] → [0,d f (A)] whose graph forms the upper boundary of S f (A).
In the paper [4] relations of density set to the gap structure of A are studied and some general
properties of the function bA are found. Nevertheless, the problem of determining bA explicitly in
terms of A and f fulﬁlling (D) and (S) remained open. The purpose of this paper is to determine the
f -density set of the set A completely in terms of A and f for f fulﬁlling (D) and (L). Notice that the
condition (L) is less restrictive than (S), thus no results from the above cited papers can be applied.
2. Results
We will start with two propositions.
Proposition 1. Let A ⊂ N and θ ∈ [0,1]. Then there is a set B ⊂ A such that d f (B) = θd f (A) and d f (B) =
θd f (A).
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0 < θ < 1. We can also suppose that d f (A) > 0 (otherwise take B = A). Deﬁne B as follows
B = {n ∈ A; n 2 and B f (n − 1) + f (n) θ A f (n)}.
Thus 1 /∈ B and every n 2 belongs to B if and only if both conditions
n ∈ A (1)
and
B f (n − 1) + f (n) θ A f (n) (2)
are satisﬁed. As B f (n) = B f (n− 1)+χB(n) f (n) B f (n− 1)+ f (n) (here χB stands for the character-
istic function of the set B), we can simply deduce from (2) that the condition
B f (n) θ A f (n) (3)
holds for every n ∈N.
Now we will show that the set A \ B is inﬁnite. Suppose the contrary, i.e. that there is a pos-
itive integer c such that B f (n) = A f (n) − c for all large values of n. It would follow from (3) that
A f (n)− c  θ A f (n), that is A f (n) c1−θ for every large n. The last inequality yields d f (A) = 0, a con-
tradiction to our hypothesis.
For n suﬃciently large, let
m =m(n) = max((A \ B) ∩ [1,n]).
For any such m we have
B f (m) θ A f (m) < B f (m) + f (m).
Thus for n suﬃciently large, such that m =m(n) exists, we have
0 θ A f (n) − B f (n) = θ A f (m) − B f (m) + θ
(
A f (n) − A f (m)
)− (B f (n) − B f (m))
= θ A f (m) − B f (m) − (1− θ)
(
A f (n) − A f (m)
)
 θ A f (m) − B f (m) < f (m).
Dividing by N f (n) we obtain
0 θ A f (n)
N f (n)
− B f (n)
N f (n)
<
f (m)
N f (n)
 f (m)
N f (m)
.
Since the last term tends to 0 as n tends to ∞, it follows that the quantities θ A f (n)
N f (n)
and
B f (n)
N f (n)
have
the same limits inferior and superior and the statement of the proposition follows. 
The previous proposition says that f -density has the so-called Darboux property (see e.g.
[5, p. 217]).
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(i) Let d be a density d : D → [0,1] deﬁned on a family D of subsets of N. We say that d has the
Darboux property if and only if for any A ∈ D and θ ∈ [0,1] there is a B ⊂ A such that B ∈ D
and d(B) = θd(A).
(ii) Let d be a density notion to which there are associated an upper density d : D → [0,1] and a
lower density d : D → [0,1], both deﬁned on the same family D.
We say that d has the joint Darboux property if and only if for any A ∈ D and θ ∈ [0,1] there is a
B ⊂ A such that B ∈ D, d(B) = θd(A) and d(B) = θd(A).
Corollary 1. Let f :N→ [0,∞) be a weight function fulﬁlling condition (D). Then the f -density has the joint
Darboux property with D = P(N) if and only if the function f fulﬁls the condition (L).
Proof. If (L) is satisﬁed, then it is proved in Proposition 1 that the f -density has the joint Darboux
property. Now suppose that (L) is not satisﬁed. This means that there is a δ > 0 such that
limsup
n→∞
f (n)
N f (n)
= δ.
It follows that there is a set N = {n1 < n2 < · · ·} ⊂N such that lim j→∞ f (n j)N f (n j) = δ. Clearly
δ  d f (N) d f (N) 1.
Let θ = δ2d f (N) . Then no set B ⊂ N satisﬁes d f (B) = θd f (N) = δ2 because either B is inﬁnite and
consequently d f (B) δ or B is ﬁnite and then, by (D), d f (B) = 0. 
Proposition 2. Let A ⊂ N and b ∈ [0,d f (A)]. Then there is a set B ⊂ A such that d f (B) = d f (A) and
d f (B) = b.
Proof. If b = d f (A) then B = A trivially fulﬁls the statement. Thus suppose that 0  b < d f (A). Put
θ = bd f (A) . Let A′ be the set the existence of which was proved in Proposition 1. That is
A′ ⊂ A, d f
(
A′
)= θd f (A) = b, d f (A′)= θd f (A).
Let 0 < p1 < q1 < p2 < q2 < · · · denote integers (to be determined). The required set B will be of the
form
B =
( ∞⋃
n=1
(
(pn,qn] ∩ A′
))∪
( ∞⋃
n=1
(
(qn, pn+1] ∩ A
))
.
Thus A′ ⊂ B ⊂ A which implies that
b = d f
(
A′
)
 d f (B) and d f (B) d f (A).
Now, in order to obtain equalities in the above two inequalities, it is suﬃcient to choose each in-
teger qn (resp. pn+1) suﬃciently large with respect to pn (resp. qn). For instance, since the set
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∣∣∣∣ B f (qn)
N f (qn)
− b
∣∣∣∣< 1n .
Similarly we can choose pn+1 such that
∣∣∣∣ B f (pn+1)
N f (pn+1)
− d f (A)
∣∣∣∣< 1n
and the statement of proposition follows. 
By Proposition 2, the upper boundary of S f (A) provides substantial information for the density
set. We are going to determine it. Suppose that A = {a1,a2,a3, . . .} ⊂N where a1 < a2 < a3 < · · · . Let
x ∈ [0,d f (A)], n ∈N and k ∈N0. Deﬁne
g f (A, x,n,k) = xN f (an) + (A f (an+k) − A f (an))
N f (an+k)
,
g f (A, x,n) = inf
{
g f (A, x,n,k); k ∈N0
}
and
g f (A, x) = lim inf
n→∞ g f (A, x,n).
We will prove that the graph of the function g f (A, x) forms the upper bound of S f (A). Before doing
so, let us establish some properties of the function g f (A, x).
Proposition 3. For every A ⊂N the function g f (A, x) has the following properties.
(a) The function g f (A, x) is continuous and nondecreasing with respect to x. Moreover, for all x, y ∈
[0,d f (A)] the inequality |g f (A, x) − g f (A, y)| |x− y| holds.
(b) The inequality g f (A, x)  min{x,d f (A)} holds for all numbers x ∈ [0,d f (A)] and moreover
g f (A,d f (A)) = d f (A).
Proof. (a) The fact that the function x → g f (A, x) is nondecreasing is a straightforward consequence
of the deﬁnition of g f (A, x). Let x, y ∈ [0,d f (A)]. Then for all n ∈N and k ∈N0
∣∣∣∣ xN f (an) + (A f (an+k) − A f (an))
N f (an+k)
− yN f (an) + (A f (an+k) − A f (an))
N f (an+k)
∣∣∣∣
= |x− y| N f (an)
N f (an+k)
 |x− y|.
Thus |g f (A, x,n) − g f (A, y,n)| |x − y| holds for all n ∈ N which yields the required inequality and
also the continuity of g f (A, x) follows.
(b) Let x ∈ [0,d f (A)] and n ∈N. Then
x = xN f (an) + (A f (an+0) − A f (an))
N (a )
= g f (A, x,n,0) g f (A, x,n)
f n+0
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g f (A, x,n) lim inf
k→∞
xN f (an) + (A f (an+k) − A f (an))
N f (an+k)
= d f (A).
Applying the just proved inequality, to prove the last equality, it is suﬃcient to show g f (A,d f (A))
d f (A). Let us suppose the contrary, i.e. g f (A,d f (A)) < d f (A). Then there exist a positive number
v < d f (A), a sequence of positive integers n1 < n2 < · · · and a sequence (ki) in N0 such that
g f
(
A,d f (A),ni,ki
)= d f (A)N f (ani ) + (A f (ani+ki ) − A f (ani ))
N f (ani+ki )
< v. (4)
Let ε > 0. Then there is iε ∈ N such that for all i > iε we have A f (ani )N f (ani ) < d f (A) + ε. Applying (4) and
the last inequality, we get
A f (ani+ki )
N f (ani+ki )
= A f (ani ) + (A f (ani+ki ) − A f (ani ))
N f (ani+ki )
<
(d f (A) + ε)N f (ani ) + (A f (ani+ki ) − A f (ani ))
N f (ani+ki )
< v + ε.
Thus d f (A) v < d f (A), a contradiction. 
Theorem 1. Let A ⊂N. Then S f (A) = {(x, y); x ∈ [0,d f (A)], y ∈ [0, g f (A, x)]}.
Proof. It is suﬃcient to prove
(i) d f (B) g f (A,d f (B)) for every B ⊂ A,
(ii) for every x ∈ [0,d f (A)] there exists a set B ⊂ A such that d f (B) = x and d f (B) = g f (A, x),
(iii) for every x ∈ [0,d f (A)] and every y ∈ [0, g f (A, x)) there exists a set C ⊂ A such that d f (C) = x
and d f (C) = y.
Proof of (i). Let B ⊂ A, ε > 0 and n0 ∈N. Then there is a nε ∈N such that for all n ∈N, n > nε , it is
B f (n)
N f (n)
< d f (B) + ε. (5)
On the other hand, by the deﬁnition of g f (A,d f (B)), there exist integers mε > max{nε,n0} and
kε ∈N0 such that
d f (B)N f (amε ) + (A f (amε+kε ) − A f (amε ))
N f (amε+kε )
< g f
(
A,d f (B)
)+ ε. (6)
Then, taking into account that amε > nε , by (5) we have
B f (amε )
N f (amε )
< d f (B) + ε. (7)
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B f (amε+kε )
N f (amε+kε )
= B f (amε ) + (B f (amε+kε ) − B f (amε ))
N f (amε+kε )
<
(d f (B) + ε)N f (amε ) + (A f (amε+kε ) − A f (amε ))
N f (amε+kε )
= d f (B)N f (amε ) + (A f (amε+kε ) − A f (amε ))
N f (amε+kε )
+ ε N f (amε )
N f (amε+kε )
< g f
(
A,d f (B)
)+ ε + ε = g f (A,d f (B))+ 2ε.
We get that for every ε > 0 and n0 ∈ N there is n = mε + kε > n0 with B f (n)N f (n) < g f (A,d f (A)) + 2ε.
Thus d f (B) g f (A,d f (B)).
Proof of (ii). Let x ∈ [0,d f (A)]. Deﬁne B ⊂ A by induction as follows
a1 /∈ B (8)
and, supposing that B ∩ {a1,a2, . . . ,an} has already been deﬁned,
an+1 ∈ B if and only if B f (an) + f (an+1)
N f (an+1)
 x. (9)
First we will show that d f (B) = x. Notice that, by deﬁnition of B , the inequality B f (an)N f (an)  x holds for
every n ∈N, so
d f (B) = limsup
n→∞
B f (an)
N f (an)
 x. (10)
On the other hand, suppose that d f (B) < x. Then there exists an ε > 0 such that the inequality
B f (an)
N f (an)
< x − ε holds for all suﬃciently large values of n ∈ N. Then, by the deﬁnition of B and taking
into account (L), the set A − B is ﬁnite. Consequently, d f (B) = d f (A)  x, a contradiction. Hence
d f (B) = x.
Now, taking into account the result (i), to ﬁnish the proof it is suﬃcient to establish
d f (B) g f (A, x). (11)
By Proposition 3, (11) holds in the case when A − B is ﬁnite. So, let A − B be inﬁnite and suppose
the contrary to (11), i.e. d f (B) < g f (A, x). Then there exists a positive real number v < g f (A, x) and
an inﬁnite sequence of positive integers (np)p∈N such that
B f (anp )
N f (anp )
< v. (12)
For every positive integer p > 1, let mp denote the greatest integer less than np such that amp /∈ B .
Notice that limp→∞ amp = ∞ since A − B is inﬁnite. By the deﬁnition of B we have
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N f (amp )
> x
and, starting from (12), for all p ∈N we get
v >
B f (anp )
N f (anp )
= B f (amp ) + (B f (anp ) − B f (amp ))
N f (amp+(np−mp))
>
xN f (amp ) + (A f (anp ) − A f (amp ))
N f (amp+(np−mp))
 g f (A, x,amp ) g f (A, x) > v,
a contradiction.
Proof of (iii). Having already proved (i) and (ii), (iii) follows from Proposition 2. 
The next theorem generalizes the already mentioned results in [2,3]. For the purpose of its
proof, let us slightly reformulate the deﬁnition of g f (A, x,n). Deﬁne g f (A, x,n,∞) = d f (A) for all
x ∈ [0,d f (A)] and n ∈ N. Notice that the original deﬁnition of g f (A, x,n) is now equivalent to the
following one
g f (A, x,n) = min
{
g f (A, x,n,k); k ∈N0
}
.
Further, for x ∈ [0,d f (A)] and n ∈N denote by kn(x) the least element in N0 such that
g(A, x,n) = g f
(
A, x,n,kn(x)
)
. (13)
Also recall the notation P = (0,0), Q = (d f (A),0), R = (d f (A),d f (A)), S = (d f (A),d f (A)).
Theorem 2. Let the weight function f fulﬁl conditions (D) and (L) and A ⊂ N. Then the f -density set S f (A)
is closed and convex subset of the trapezium PQRS containing the triangle PQR.
Proof. Closedness of S f (A) follows from Theorem 1. The fact that it is contained in the trapezium
PQRS follows directly from deﬁnitions and basic properties of the lower and upper f -densities. Evi-
dently, P ∈ S f (A) as ∅ ⊂ A, R ∈ S f (A) as A ⊂ A and Q ∈ S f (A) by Proposition 1. Thus, the fact that
S f (A) contains the triangle PQR follows from convexity of S f (A) which we are going to prove.
By Theorem 1, to prove the convexity of S f (A), it is suﬃcient to prove the concavity of its upper
boundary, the function g f (A, x) with respect to the variable x, i.e. to prove that
g f (A, xα) αg f (A, x0) + (1− α)g f (A, x1)
holds for all 0 x0  x1  d f (A) and α ∈ [0,1], where xα = αx0 + (1 − α)x1. So, let x0, xα, x1 be as
above. A straightforward calculation proves that for every n ∈N and k ∈N0
g f (A, xα,n,k) = αg f (A, x0,n,k) + (1− α)g f (A, x1,n,k). (14)
Using (13) and (14) we have
g f (A, xα,n) = g f
(
A, xα,n,kn(xα)
)= αg f (A, x0,n,kn(xα))+ (1− α)g f (A, x1,n,kn(xα))
 αg f (A, x0,n) + (1− α)g f (A, x1,n)
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g f (A, xα) = lim inf
n→∞ g f (A, xα,n)
 lim inf
n→∞
(
αg f (A, x0,n) + (1− α)g f (A, x1,n)
)
 lim inf
n→∞ αg f (A, x0,n) + lim infn→∞ (1− α)g f (A, x1,n)
= αg f (A, x0) + (1− α)g f (A, x1)
and the concavity of g f (A, x) with respect to x follows. 
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